In this work, first we prove some interesting results in the context of smooth fuzzy subspaces through bases. In follow, we define the concept of (α, )-Hausdorff spaces and prove that the intersection of finitely many (α, )-Hausdorff topologies is again an (α, )-Hausdorff topology in contrast with the crisp theory; we also prove that product of finitely many (α, )-Hausdorff spaces is (α, )-Hausdorff. Finally, we define and discuss the concept of -Hausdorffness of space.
Introduction
Following Chang [3] ,Šostak [11] redefined the concept of fuzzy topology as a fuzzy subset of I X , satisfying some properties. Later, Ramadan [7] generalized the concept in the name of "smooth fuzzy topological spaces". Peeters, Park, Min, Kim, Abbas, Kalaivani and Roopkumar [1, [4] [5] [6] are some of the others who studied the concept inŠostak's sense.
Fang Jin-ming and Yue Yue-li [13] defined the concept of a basis for a given smooth fuzzy topology in 2006. Two necessary and sufficient conditions for a given function B : I X → [0, 1] to be a basis for a smooth fuzzy topology were given by them. In [12] the concept of basis is defined and discussed in a way different from the one available in [13] . The approach in [12] is much easier and we follow this approach throughout this paper.
In 1992, Ramadan [8] defined the concept of subspace of a smooth fuzzy topological space. Werner Peeters [6] and Abbas [1] are some others who developed the concept further. In 2004, Abbas generalized the concept of subspaces, for a smooth fuzzy topology defined on a general fuzzy subset. The concept of Hausdorffness was studied by Azad, Yueli Yue, Jinming Fang, Rekha Srivastava and many others [2, 9, 10, 14] . But the definition for Hausdorffness which we are going to give is entirely different from ones available in the literature.
In Section 3, we follow the approach of Abbas [1] and prove some interesting results on the context subspaces, using the concept of basis for a smooth fuzzy topology defined in [12] . In Section 4, we define the concept of (α, )-Hausdorff space and prove that the intersection of two (α, )-Hausdorff topologies is again an (α, )-Hausdorff topology in contrast with the crisp theory. In follow, we prove that product of two (α, )-Hausdorff spaces is again (α, )-Hausdorff. Finally we define and discuss the concept of -Hausdorffness of space.
Preliminaries
For any non empty set X, a function µ : X → [0, 1] is called a fuzzy subset of X. As usual, I X and I denotes the family of all fuzzy subsets of X and [0, 1]; 0 X and 1 X denotes the characteristic function of / 0 and X respectively. The union ∨ λ ∈J µ λ and intersection ∧ λ ∈J µ λ of a collection {µ λ : λ ∈ J} of fuzzy sets of X, where J is an arbitrary indexing set, are defined as:
For any two fuzzy subsets
Definition 2.1. [7, 11] Let µ be a fuzzy subset of a nonempty set X and let I µ = {A ∈ I X /A ≤ µ}. Let T : I µ → [0, 1] be a mapping that satisfies:
Then T is called a smooth fuzzy topology on µ and the pair (µ, T ) is called a smooth fuzzy topological space; for any A ∈ I µ , T (A) is called the degree of openness of the A. Let B2 If x ∈ X, A, B ∈ I µ , ε > 0 and δ > 0, then there exists
Any function B satisfying the condition B1 is called a subbasis and any subbasis satisfying the condition B2 is called a basis for a smooth fuzzy topology on µ. 
where {C Λ } Λ∈Γ is the collection of all possible inner covers
The following two theorems together give a characterisation for a function B : I µ → [0, 1] to be a basis for a smooth fuzzy topology. Theorem 2.5. [12] Let T be a smooth fuzzy topology on µ and let B : I µ → [0, 1] be a function satisfying
Then B is a basis for T .
Theorem 2.6. [12] If B is a basis for a given smooth fuzzy topology T on µ, then 
The smooth fuzzy topology that B generates is called the smooth fuzzy product topology on µ × ν. 
then B µ×ν is a basis for the product topology on µ × ν.
In [1] S. E. Abbas quoted that for given T µ and ν ∈ A µ , one can define (T µ ) ν , the smooth ν-topology induced over ν by T µ , in the obvious way. Following him Roopkumar and Kalaivani gave the definition of a subspace smooth fuzzy topology for general smooth fuzzy topological space (µ, T ) in [4] . 
Some Results on Subspaces
In [1] S. E. Abbas quoted that for given smooth fuzzy topology T µ on µ and ν ∈ A µ , one can define (T µ ) ν , the smooth ν-topology induced over ν by T µ , in the obvious way. Following him Roopkumar and Kalaivani gave the definition of a subspace smooth fuzzy topology for general smooth fuzzy topological space (µ, T ) in [4] . We adopt the definition given by Kalaivani and Roopkumar [4] and prove some results.
is a smooth fuzzy subspace topology induced over ν by T µ , with this smooth fuzzy topology ν is called smooth fuzzy subspace of µ.
is a basis for the smooth fuzzy subspace topology on ν.
Now we claim that for any
Then for any given ε > 0, there exists C ∈ I µ such that
Now, since B µ is the basis for the smooth fuzzy topology T µ we have,
Thus there exists some
we have
Hence by Theorem 2.5, B ν is a basis for the smooth fuzzy subspace topology on ν. i
ii
Since this is true for every ε > 0, we have T µ (A) ≥ α. Now suppose T µ (A) > α, then T ν (A) > α, which leads to a contradiction. Thus it follows that T µ (A) = α. Similarly, we can prove (iii) and (iv). Note that both strict inequality and equality may hold in (iv).
For example, let X = {a, b, c} and let µ(x) = 1 for all x ∈ X. Define T µ : I µ → [0, 1] as follows:
Let ν(x) = χ {a,c} and let T ν be the subspace smooth fuzzy topology on ν. Then
Let X = {a, b, c} and let µ(x) = 1 for all x ∈ X. Define T µ : I µ → [0, 1] as follows: 
Then by Theorem 2.8, we have B p A×B is a basis for the product topology on A × B. Let B p µ×ν be a function from I µ×ν to [0, 1] defined as follows: Let E ∈ I µ×ν . If E cannot be written as C × D for any C ∈ I µ and D ∈ I ν , then define B p µ×ν (E) = 0. Otherwise define 
where the supremum is taken over all possible pairs 
This implies,
Now suppose that
then by definition of B B A we can find a G ∈ I A such that
But since H ∧ B = E, it follows that, there exists a H ∈ I µ such that H ∧ B = E and
This leads to a contradiction that B B µ (E) = λ , and hence our assumption B B A (E) > λ is wrong. Thus it follows that
Result 3.7. Let T µ and T µ be two smooth fuzzy topologies on µ and let ν < µ. Let (ν, T ν ) (ν, T ν ) be smooth fuzzy subspace topological spaces of (µ, T µ ) and (µ,
In the above result the equality may also hold. 
Then T µ is a smooth fuzzy topology on µ. Let T µ be a function from I µ to [0, 1] defined as
Then T µ is a smooth fuzzy topology on µ. Let
otherwise then clearly it can be seen that ν < µ. Let T ν be the smooth fuzzy subspace topology induced over ν by µ. Then for E ∈ I ν we have
(α, )-Hausdorff Spaces
In this section, we define the concept of (α, )-Hausdorff spaces and prove some interesting results; in particular we prove that the intersection of two (α, )-Hausdorff topologies is again an (α, )-Hausdorff topology in contrast with the crisp theory. 
Note that if a smooth fuzzy topological space (µ, T µ ) is (α, )-Hausdorff for all ∈ (0, 1], then µ(x) = 1 X .
Proof. As the result can be proved in a usual way, we skip the proof. Now we prove an interesting result, that the intersection of finitely many (α, )-Hausdorff topologies is a (α, )-Hausdorff topology in contrast with the crisp theory.
and analogously, it is easy to see that, T µ (B) > α. Now, by construction of A and B, we have A(x) ≥ , B(y) ≥ and Proof. Let (x 1 , y 1 ) and (x 2 , y 2 ) be two distinct points on X ×Y . If x 1 = x 2 , then there exist A, B ∈ I µ 1 such that T µ 1 (A) > α, T µ 1 (B) > α A(x 1 ) ≥ 1 , B(x 2 ) ≥ 1 and (A ∧ B)(z) < 1 for all z ∈ X. Let C = A × µ 2 and D = B × µ 2 . Then clearly it follows that, T µ (C) > α, T µ (D) > α and (C ∧ D) < . Note that, C(x 1 , y 1 ) = (A × µ 2 )(x 1 , y 1 ) = A(x 1 ) ∧ µ 2 (y 1 ) ≥ 1 ∧ 2 = .
Analogously, it can be seen that, D(x 2 , y 2 ) ≥ . Thus the product space (µ, T µ ) is (α, )-Hausdorff. If y 1 = y 2 , then the argument is similar to the above. Let (X, T ) be a crisp Hausdorff space. This space can be viewed as a smooth fuzzy topological space by declaring T (A) = 1 if A is the characteristic function of an open set and zero otherwise. This space is (α, )-Hausdorff for all α ∈ (0, 1) and ∈ (0, 1]. So the -Hausdorffness of this space is 1 for all .
We have a natural question: If the -Hausdorffness of a crisp topological space (X, T ), while considering it as smooth fuzzy topological space, is 1 for all , can we conclude that it is Hausdorff in the crisp sense? The answer is "no". Indeed, if T 1 and T 2 are two crisp Hausdorff topologies on a set X so that T 1 ∩ T 2 is not Hausdorff, then T 1 and T 2 are (α, )-Hausdorff for all α ∈ (0, 1) and ∈ (0, 1] and hence T 1 ∩ T 2 is (α, )-Hausdorff for all α ∈ (0, 1) and ∈ (0, 1]; therefore the -Hausdorffness of T 1 ∩ T 2 , while considering it as smooth fuzzy topological space, is 1 for all . But T 1 ∩ T 2 is not Hausdorff in the crisp sense.
Conclusion
In this paper, some nice results on smooth fuzzy subspaces are proved, using the context of basis. The concept of Hausdorff spaces in the context of smooth fuzzy topological spaces is developed, in a way that is entirely different the ones available in the literature. The theory can be further extended to (α, )-regular and (α, )-normal spaces, so that, a theory parallel to separation axioms in classical topological theory can be developed in a natural way.
